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TO JOE MOTT ON HIS BIRTHDAY 
INTRODUCTION 
Let A be a regular local ring and let R be a polynomial extension of A in 
a finite number of variables. Several attempts have been made to study the 
structure of projective modules over R and to find the minimal numbers of 
generators of ideals of R; to wit, [Z, V.4; 3; 61. The methods employed in 
these references depend very much on the structure of A; the cases dealt 
with are formal power series rings over fields and local rings at smooth 
points of algebraic varieties. Cohen’s structure theorem tells us precisely 
what regular local rings are formal power series rings. We present here the 
following characterization for a regular local ring to be a locality over a 
field : 
Let (A, m) be a regular local ring containing afield K. Then A is a locality 
over K if and only if (1) A/m is a Jinitely generated extension of K, 
(2) dim(A) + tr. deg.,(A/m) = tr. deg., A, and (3) L (the quotientfield of A) 
is a finitely generated extension of K. 
For terminology my standard source is Nagata [S]. Let A be a domain 
containing a field K. The transcendence degree of A over K (tr. deg., A) is, 
by definition, the transcendence degree over K of the quotient field of A. 
The dimension of a ring stands for the Krull dimension. By an afline 
algebra over a field K we mean a finitely generated ring extension of K. 
A local ring which is a localization of an affine algebra over a field is called 
a locality over that field. A locality which is a regular local ring is called 
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a regular locality. A regular locality may be viewed as the local ring at a 
smooth point of an algebraic variety. 
1. PROOF OF THE THEOREM 
We prove a stronger result by assuming only that A is normal. Then the 
result for a regular local ring follows via [S, 25.141. 
THEOREM. Let (A, m) be a normal local domain containing a field K. 
Then A is a locality over K if and only if 
(1) A/m is a finitely generated extension of K, 
(2) dim(A) + tr. deg.,(A/m) = tr. deg., A, 
(3) L (the quotient field of A) is a finitely generated extension of K. 
Proof. Necessity. Suppose (A, m) is a locality over K. As A is a domain, 
it turns out that A = B,, where B is an affine domain over K and P is a 
prime ideal of B. Then A/m is the quotient field of B/P, hence a finitely 
generated extension of K. Since B is an affine domain, we have 
tr. deg., A = tr. deg., B = dim(B) = dim(B/P) + ht(P) 
= tr. deg.,(A/m) + dim(B,) = tr. deg.,(A/m) +dim(A) 
(Kunz [l, 11.3.61). Moreover, as B is an affine domain over K and L is the 
quotient field of B, L is a finitely generated extension of K. 
Sufficiency. Let t = tr. deg.,(A/m) and n = dim(A). Then, by 
hypothesis, tr. deg.,(A) = t + n. We choose elements X,, X,, . . . . X, in A 
such that X,, zz, . . . . 8, is a transcendence basis for A/m over K. Then 
KCX, , x,, . . . . X,] is a polynomial ring over K sitting inside A and 
KLdX, > X,, . ..> X,] n m = (0). Since A is local, the function field 
E = K(X,, X2, . . . . X,) is contained in A. Now we work over E. Since A/m is 
finitely generated over E (in fact over K by (1)) and algebraic over E, we 
have that A/m is a finite algebraic extension of E. We note that 
tr, deg., A = n = dim(A). Moreover, L is a finitely generated extension of E 
by (3). 
We choose a system of parameters Z,, Z,, . . . . Z, of A. Since a system of 
parameters of a local ring is an algebraically independent set over any field 
contained in the ring, the ring C = E[Z,, Z,, . . . . Z,] is a polynomial ring 
over E contained in A. Let B be the integral closure of C in A. Since A is 
normal, B is the integral closure of C in L. Let M= m n B. We first show 
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that B is an affme algebra over E and that A = B,. Let F be the quotient 
field of C. We have the following situation: 
m-A-L 
T I/ 
mnB=M----+ B 
I I I 
(Z,, z,, . ..) Z,) = P - c- F = E(Z,, Z,, . . . . Z,) 
Since n = tr. deg., F= tr. deg., L, we have that L is algebraic over F, 
Since L is algebraic over F and B is the integral closure of C in L, it follows 
that the quotient field of B is L. Furthermore, L is algebraic and finitely 
generated over F, therefore L is a finite algebraic extension of F. As C is a 
Nagata ring [S, 36.51, B is a finite C-module. Hence B is an afline 
E-algebra. Let us also note that B is a Nagata ring [S, 36.51. Let P be the 
ideal of C generated by Z, , Z,, . . . . Z,. We observe that M n C = P, a 
maximal ideal of C. Since B is an integral extension of C, M is a maximal 
ideal of B. Since B is normal and a Nagata ring, B, is normal and a 
Nagata ring. Moreover, B, is of finite type over C, [S, p. 1271, and C, is 
analytically normal, and it follows that B, is analytically irreducible 
[S, 37.81. Since a system of parameters of A lies in M, MA is m-primary. 
Hence m’ c MA, for some positive integer r. Thus we have an epimorphism 
A/m’ + A/MA -+ 0. Since A/m is a finite E-module, it follows that A/m’ is a 
finite E-module. Hence A/MA is a finite E-module, in particular, a finite 
(B/M)-module. Since B, c A c L and dim(B,) = n = dim(A), we have 
obtained that A= B,, by a variant of Zariski’s Main Theorem ; see 
[S, 37.41. 
Finally, if B = ECU,, u2, . . . . a,] and B’ = K[X,, X2, . . . . X,, a,, a2, . . . . a,], 
then B is a localization of B’. Note that Q = Mn B’ is a prime ideal of B’, 
Q n KCX, , . . . . X,] = (0), and QB = M. Hence it follows that Bh = B, = A. 
I conclude this note with the statements of the following facts. 
Given a field K and given integers n > t > 0, making use of a construction 
of Nagata, one can obtain a t-dimensional regular local ring A with residue 
field K and with quotient field isomorphic to the field of rational functions 
in n indeterminates over K. If A is not assumed to be normal, then (l), (2), 
and (3) above do not imply that A is a locality. The ring A in Matsumura 
[4, p. 881 furnishes such an example. 
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